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Abstract-This two-part series of papers is concerned with the response and various instabilities
which govern the behavior of circular cylindrical shells under pure bending. Part I describes the
experimental part of the study and Part II presents the numerical simulation of the various phen­
omena observed experimentally, Experiments were conducted on long aluminum 6061-T6 shells
with II different diameter-to-thickness ratios ranging from 60.5 to 19.5. For such geometries. the
structural response and inherent instabilities are strongly influenced by the plastic characteristics of
the material.

Thinner shells were found to develop short wavelength periodic ripples on the compressed side
of the shell. The shells buckled locally and collapsed soon after the appearance of the ripples.
Thicker shells were found to exhibit a limit load instability as a direct consequence of the ovalization
of the shell cross-section caused by bending. Following the limit load, the ovalization was found to
localize. leading to the eventual coll'lpse of the shells, For shells with intermediale Dlt values. short
wavelenglh ripples developed at the S<lme time .IS 10cali7.ation of ovalization was recorded. The
shells buckled locally and catastwphically following the development of a limit load.
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shell outside diameter
maximum and minimum shell diameter
shell mean diameter
Young's modulus
shell half length
moment
t7"D~t
Ramberg ·Osgood hardening parameter
anisotropy parameter
shell wall thickness
maximum and minimum wall thickness

, ' 'I I' ( D,n., - D.nm)Inltla ova Ity = D--"-
milo.. +DInIR

maximum Saint-Venant bending strain at bifurcation, limit load and collapse
curvature
tlD~
bifurcation, limit load and collapse curvature
axial ripple half·wave length
half·wave length of predicted ripples ( J l deformation theory)
Ramberg-Osgood yield parameter
yield stress

h' k . . ( tmo, -tm'n)t IC ness variation parameter = .. ----- ,
1m.. , + Im,"

INTRODUCTION

This study is concerned with the problem of bending of long, circular cylindrical shells. Of
particular interest is the response of such shells, bent into the plastic range of the material,
and the various instabilities which limit the extent to which the shells can be loaded or
deformed.

It is well known that bending of relatively thin-walled circular tubes induces ovalization
to the tube cross-section (Brazier effect, 1927). The growth of ovalization causes a pro-
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gressive reduction in the bending rigidity of the shell. Eventually. a maximum value of
moment is reached. Further bending occurs at a dropping moment. For linearly elastic
shells. when the maximum moment is reached the shell has undergone an ovalization which
reduces the diameter of the cross-section in the plane of bending by approximately 2 9ths.
In practice. for thin shells. this limit load instability is often preceded by shell bifurcation­
type instabilities characterized by circumferential and axial waves [see Stephens I't al.
(1975). Fabian (1977) and Axelrad (1980)].

In the case of thicker shells (D/I < 100. say). the response. as well as the instabilities.
arc strongly influenced by interaction between the induced ovalization and the plastic
characteristics of the material. Ades (1957) calculated the non-linear moment-eurvature
response of long elastic-plastic tubes undergoing uniform ovalization. He assumed the
cross-section to deform into an ellipse and used the J c defonnation theory of plasticity to
model the non-linear material response. Gellin (1980) developed a more accurate solution
to the problem using improved kinematics and the J c deformation theory of plasticity.
Gellin's formulation and solution procedure were further refined by Shaw and Kyriakides
( 1(85) by adopting a more complete set of extensional kinematics and incremental plasticity
models [see also Fabian (1981) and Bushnell (1981)].

These solutions demonstrated that. although the ovalization imposed on the shell
\.·flhs-section is relatively small for shells bent into the plastic range. it still leads to the
lkvelopment of a limit moment in the response. This is demonstrated in Fig. I. where three
momcnt~curvature responses for an aluminum shell with a diameter-to-thickness ratio (0/1)

of 35.7 are compared. One of the responses shown was obtained by simple integration of
the stresses through the cross-section (Saint-Vcnant bending): as a rcsult the moment is
monotonically inl:rcasing. The second response was calculated by a Brazier-type analysis.
which includes the ellcct of the ovalized l:ross-sel:tion. It has a somewhat lower moment
hut. more importantly. the ovalization results in the development of a limit moment.

!':xperiments involving pure bending ofinelastil: shells have been carried out by Moore
and Clark (1952). Jirsa cl al. (1972). Sherman (1976). Tuggu and Sl:hroeder (1979). Reddy
(1979). Kyriakides and Shaw (19X7) and others. Johns cl al. (1975). Corona and Kyriakides
(llJXX) and Ju and Kyriakides (1991) carried out experiments involving combined bending
and e.\ternal prcssure.

The experiments demonstrated that. in addition to the limit load instabilities, shell
bending is limited by various shell buckling modes. In addition. evidence of distinct localiz­
ation of deformation was observed in many shells [see Fig. 0 in Corona and Kyriakides
(19XX)I. Figure I includes the moment-curvature response obtained from an experiment
Oil all aluminum 6061-To shdl with Dlt = 35.7. The shell was found to ovalizl: uniformly
for most of the bending history. At the curvature indicated by (!) short wavelength ripples
were observed on the compressed side of the shell. Soon after the ripples appeared. the
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Fig. I. Momcnt -curvaturc responscs of aluminum tubc (" 1\ .. == limit momcnt; "1" == short wavc­
Icngth rippling).
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Fig. 3. Ovalization along shell length for different values of curvature [Aluminum'601>1-T6:
D// = 35.7. E:\pcriment by S. Kyriakides and R. Juarez (191'2) unpublishedl.

ovalization started to localizc in a region approximately eight shell diameters long, a limit
load developed on the response (identified by .. /\ ") and the shell buckled locally at a
dropping moment. A buckled test specimen is shown in Fig. 2a. As the limit load was
approached. it was observed that long wavelength initial imperfections in the shell telltlcd
to be amplified. This resulted in some non-uniform growth of ovalization. An example or
this behavior is shown in Fig. 3 where axial scans of the change in diamcLer in the shell
(I1DIDu), in the plane of bending. taken at dill"crent values of curvature arc shown. The
shell cross-section ovalized in a reasonably unirormmanner up to a curvature or r.:lr.: I = O.xo.
At higher curvatures, long wavelength axial waves are seen to develop. The shell failed
catastrophic.llly by local buckling in one or the troughs of ovalization.

Clearly the behavior described above is dil1"crent and more complicated than what has
been modelled in the rcl"cn:nces mentioned above. The objective or this study was to identify
and understand the role of the major instabilities which alrect the response or long elastic
plastic shells under pure bending. This was done through a combination or experiment and
analysis. A systematic set of experiments was conducted using aluminum shells with a broad
range ordiameter-to-thickness ratios. The experimental racilities used. procedures rollowed.
the results from the experiments and a discussion of the observations arc presented in Part
I. The major phenomena observed in the experiments arc simulated numerically in Part 11.
The numerical predictions arc used to explore and explain the behavior or the structures
tested.

EXPERIMENTS

(I) Test facilities
The bending experiments were conducted in a test facility consisting of a pure bending

device. shown in Fig. 4. various transducers for recording geometric changes in the shell
and a computer-based data acquisition system. The bending device was designed as a four­
point bending machine capable of applying bending and reverse bending [see Kyriakides
and Shaw (1987»). It consists of two double strand sprockets [pitch diameter 9.56 in (243
mm») mounted with pillow blocks on two parallel beams as shown in Fig. 5. The beams
are 70 in (1.78 m) long and the distance between the sprockets can be varied. In the
experiments described here the sprockets were located 49.5 in (1.26 m) apart. Heavy chains
run around the sprockets and are connected to hydraulic cylinders and load cells forming
a closed loop. For monotonic bending. the bending curvature capacity of the machine can
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be doubled by removing one of the cylinders and extending the second one to its full stroke
of 10 in (0.25 m).

Each test specimen is titted with c1ose-titting solid extension rods. as shown in Fig. 5.
The rods extend more th..m three diameters into the free ends of the shell and are carefully
chamfered at the ends to reduce the clfect of the discontinuity. The test specimen assembly
engages the sprodels through four rollers. as shown in the tigure.

Bending is achieved by contr~lcling one of the hydraulic cylinders. causing rotation of
the sprockets. During bending. the rolling contact between the end rods and the test facility
allows free axiallllowment of the test specimen. While the deformation of the test specimen
is uniform along the length. the bending curvature is directly proportional to the rotation
of the two sprodcts. The rotation of each sprocket is monitored by a linear voltage
dillerential transformer (LVDn as follows: A Ilexible. inextensional. thin cable runs over
the circular hub of the sprocket. The cable is spring loaded and is connected to the core of
the LVDT. Thus, rotation causes linear movement of the core and a proportional signal
from the LVDT.

The majorily of the lest specimens tested had an ellective length of 30 in (0.76 m).
With the test facility configuration used such specimens could be bent to a curvature of
0.070 in I (2.75 m I). Larger curvatures can be achieved by reducing the length of the
shell.

The bending moment in the test sp\..'l.:imen is directly proportional to the tension in the
chain. This is moniton:d by calibrated load cells. The capacity of the bending device is
15.000 Ib/in (1.700 Njm). The devke was designed to be stiff relative to the test specimens.
For the experiments reported here. the energy stored in the device was less than 4.5% of
the energy stored in the strongest of the test specimens (approximately half of this is stored
in the hydraulic system). A stiff machine is essential for testing structures beyond limit
loads.

The ovalization of the cross-section of lhe lube is known to play an important role in
the stability of the strudure. Thus. several transducers for monitoring small changes in the
geometry of the shell during bending were developed. Figure 6 shows a lightweight trans­
ducer which is mounted on the shell and llsed to monitor changes in the diameter in the
plane of bending. It consists of a rigid frame which supports a sliding block. The instrument
is lightly spring loaded...IS shown in the ligure. and contacts the shell through knife edges.
The relative displacement between the two knile edges is monitored by a miniature LVDT.
In some experiments. two such transducers. placed approximately ten shell diameters apart.
were used in order to establish the onset of localized deformation in the shell.

A computer-basl'd data acq uisition system was used to monitor the variables measured
during the experiment. It consists of several signal conditioning units. an analog-to-digital
(A/D) converter. a desktop computer and peripherals such as digitul plotters and a monitor.
The system enables real time display of some of the variables and provides storage of the
data for later analysis.
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During a typical monotonic bending experiment on a shell. the variables monitored
were the moment (.tfl. the curvature (h:) and the ovalization at one or two discrete points
along the length of the shell (.1.D,). The data acquisition system stores a set of {M. h:, ~Dj}j

whenever anyone of the variables changes by a prescribed small value. The number of sets
ofdata collected from each experiment varied from approximately 125 for the thinner shells
to 450 for the thicker shells. The uncertainties in the recorded data were as follows: moment
- 0.8% : curvature - 0.6% : ovalization - 0.1 '!/o.

In at least one experiment for each shell D.'t considered. a second transducer. shown
in Fig. 7. was used to periodically scan the ovalization along the length of the shell. In this
case. contact with the shell is made through rollers. The transducer is moved along the
length of the shell manuully. Its axial position is established by an encoder system which
works as follows: a thin flexible tape. with regulurly spaced black-white markings, is bonded
on the tension side of the shell as shown in the figure. An emitter/receiver photodiode. mounted
on the transducer. produces an electrical pulse whenever it encounters a white marking.
The pulse. suitably processed. triggers the A D converter and the value of ovalization is
recorded in the computer. In the mujority of the experiments presented here. the encoder
had a resolution of five readings per inch.

In the case of thinner shells. short wavelength ripples develop on the compression side
of the bent shell. For the uluminum shells used in the experiments. with typical diameters
between 1.0 and 1.5 in (25-38 mm). the amplitude of these ripples was of the order of
0.001-0.005 in (0.025-0.125 mm). Thus. a more sensitive instrument with higher axial
resolution. shown in Fig. X. was developed for measuring the geometry of these ripples. It
consists of an a:<ial guide. with a line lead screw. which supports a vertical traversing system.
This is lightly spring loaded and is in contact with the top and bottom of the shell through
small diameter rollers. The guide is 4 in (102 mm) long and is mounted on the bent shell
as shown in the ligure. The vertical frame is moved axially hy turning the lead screw. The
two traversing beams arc free to move vertically to accommodate changes in the geometry
of the shell. Changes in the distance they arc apart arc monitored by a proximity, non·
contact. displacement transducer with a sensitivity of 125 mV 10 1 in (4.92 V mm I). The
axial position of the transducer is monitored by an encoder system which consists of an
emitter/receiver photodiode and a circular disc with six equally-spaced narrow slits. The
photodiode produces a pulse whenever the light beam is obstructed. The signal from the
encoder is used to trigger the A/D converter and the computer stores the output of the
proximity transducer. The uxial resolution of the system provided for 192 readings per inch.

(2) Expcrimclltal procedure
The experiments were carried out on commerciully available aluminum 6061·T6 drawn

tubes. The tcst specimens had nominal diameters ranging from 1.0 in (25.4 mm) to 1.5 in
(3R.1 mm). Tuhes with cleven difrerent diumeter-to-thickness mtios. ranging from 60.5 to
19.5, were tested. The (ellcctive) lengths of the test specimens were 30 in (0.76 m); thus,
their Icngth-to-diameter ratios ranged hetween 18 and 30. Average values of the diameters
and wall thicknesses of the test specimens. us well as their lengths. arc listed in Table I. In
each case, enough measurements were made to ulso establish the maximum value of initial
ovalization ulong the length of the tube. Thc muximum v,llue of ovalization measured, do,
is defined ,IS follows:

(I)

The values of .1. 0 measured in each shell are listed in Table I. Wall thickness variations
measured at the two ends of the test specimens arc also given by their extreme value 3 0

defined as follows:

_ tm",-tmm=-n == "---'--'-.
tm... +tmm

(2)

The material properties of each tube tested were measured from uniaxial tests on axial
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Table I. Geometric and material characteristIcs of shells tested

Exp. D. in E. ksi rr". ksi rr .. ksi
:"0. (mm) Dl j,qOO ~1l0/;1 2L D fGPa) (\IPa) (\IPa) n S

1.253 60.5 0.06 1.70 24.0 10.0 x 10' 43.4 43.3 ~X

(31.82) (68.95) (299) (.2980)
2 1.500 52.6 013 1.41 IloU 10.1 x 10' 43.4 4).3 33

(38 (0) (69.64} (299) (.298.6)
3 1.000 50.0 0.12 3.90 30.0 10.3 x 10' 44.5 44.6 29 0.90

(25.40) (70.67) 0(7) (307.5)
4 1.251 44.0 0.12 4.50 240 9.75x 10' 44.1 44.0 25 0.92

(31.78) (67.20) (304) (30J.4)
5 1.378 38.5 0.07 0.04 21.8 10.3xlO' 41.6 41.4 ~5

(35.00) (71.02) (287) (285.4}
6 1.250 35.7 0.05 0.86 24.0 9.77 x 10' 41.1 411.9 2:0< 0.91

(31.75) 167.30) (283.4) (282.0)
7 1.127 32.2 0.05 2.89 26.1 10.3 x 10' 41.7 41.5 26 0.95

(28.63) (71.16) (288) (286.1 )
8 0.998 28.2 0.06 0.99 30.1 9.60x1O' 44.1 44.0 35

(25.34) (66.20) 13(4) (303)
9 1252 25.3 0.06 1.21 24.0 10.0 x 10' 41.5 41.3 30 0.93

(31.80) (69.16) (286) (284.8)
10 1.251 21.2 0.09 3.19 24.0 10..1 x 10' 41.4 41.2 2X

(3l.m (71.16) (285) (284. I)
II 1.25 I 19.5 0.05 J.45 24.0 9.96 x 10' 44.8 44.8 37

13 1.78) (68.67) (309) (J08.9)

specimens cut from the same length of tunc as the nending specimens. The stress strain
curves ontained were fitted with the Ramnerg Osgood lit given ny

a[. J (a.)' IJ1:= . 1+ .
I~ 7 a y

(3)

The lit parameters calculated from each test specimen are listed in Tanle I. In addition. the
0.2% strain olfset yield stress (an) is listed for each case. In a numhcr of the test spl.'Cimens.
an additional experiment was conducted through which the yield stress in the circumferential
direction was established [as in Kyriakides and Yeh (1988»). The varianle S represents the
ratio of the yield stress in the cin:umferential to that in the axial direction (the yield stress
in the thickness direction was assumed to ne the same as that in the axial direction).

A minimum of two experiments were conducted for each D/t considen:d. The first
involved monotonic bending of the test specimen at a strain rate (maximum) of approxi­
mately I% min .. I. Each specimen was loaded to failure.

In the second experiment. the bending was periodically interrupted. The now to the
hydraulic cylinder was shut and then an ovalization scan was conducted. Six to 12 such
scans were taken during the bending history. During every interruption of the loading. the
compressed side of the shell waS visually inspected for the possible appearance of ripples.
When such ripples \vere detected. the instrument. shown in Fig. 8. was installed on the test
specimen and used to conduct a detailed examination of the area in which they appeared.
Ripples usually appeared in pockets of two to four randomly distributed along the length.
Figure 941 shows a picture of two such pockets of ripples for test specimen No.7. The range
of curvature during which the ripples were visible was rather limited. Soon after their
appearance. the shell buckled catastrophically. developing one distinct local buckle. An
example of such a buckle is shown in Fig. 9b. Following such a buckle. the bending capacity
of the shell usually dropped by 80 or 90'%.

RESULTS

The experimental results will be presented in non-dimensional form using the following
normalizing parameters:
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Table 2. Critical defonnations of shells tested

hp. "hi'" "u'" I "elK)

~o. 01 Ic.%) (C l %) (""%) i.i,DI

({l.5 0.93
10.79)

2 52.6 1.00
(0.I}5)

3 50.0 O.'H 0.95 0.997
(0.97) (1.01)

~ -4.0 0.95 1.06 1.193
( 1.13) ( 1.26)

5 38.5 0.95 1.00 0.887
( 1.26) (1.32)

6 35.7 0.96 0.99 1.09 0.717
(1.42) (1.49) (1.61 )

7 32.2 0.9~ 0.94 1.02 0.872
( I.5R) (1.58) (1.72)

8 ~S.2 O.IN 0.90 1.07 0.718
( 1.(9) (1.72) (2.~)

9 25.3 0.95 1.05
(2.03) (2.25)

10 21.2 0.98 1.17
(2.55) (3.05)

II 1'1.5 0.95 1.2~

(2.79) (3.5~)

M n = (TnD(~/. "I =ljOt~. (4)

The curvature at which ripples were first detected on the compressed side of the shell is
identified hy "h. in Table 2. and hy the symhol (1) in the ligures. (Note that "h was usually
ohtained from the second hending experiment in whkh hending was interrupted while the
shell was checked for ripples. Thus the search W4lS discrete and as 41 result the values of "h

recorded arc in gener4l1 somewhat l4Irger than the actual v4lIues.) The curvature at which
the maximum moment was achieved (limit moment) is identified by "l in Table 2 and by
Ihe symhol (/\ ) in the figures. The curvature at which catastrophic coll4lpse occurred is
idenlified 4IS "c and by the symhol (1). For completeness. the maximum Saint-Venant
hending str4lins corresponding to e4lch of these critical curvatures (/:h. Cl. eJ are also included
in the t'lble.

The an4llysis developed by Sh4lw 4Ind Kyri4lkides (1985) W4lS used to calculate the
moment·curv4lture and ovalization-curvature responses for each of the experiments con­
ducted. In this 4Inalysis. the shell is treated as .1 long tube whose cross-section can ovalize
but is othawise uniform along the axis. The 4Inalysis is thus capable of predicting the limit
load instahility inherent in the problem. The predictions from this analysis are shown by a
dashed line in each of the figures.

The moment curvature .tnd oV4lliz4Ition-curvature responses from the test specimen
with the largest value of Dil tested (Djl = 60.5) are shown in Fig. 10. The shell buckled
catastrophic.t1ly at a curvature of "'j" 1 = 0.93 which is equivalent to a maximum Saint­
Venant hending strain 01'0.79%. Buckling occurred at 4In inere'lsing moment and took the
form of one sharp. local huckle characterized by a number of diamond shapes on the
compressed side of the shell. similar to the one shown in Fig. 9b (the diamond shapes are
reminiscent of elastic buckling of shells). The ovaliz'ltion measured along the length of the
shell. at various values of curvature. arc shown in Fig. II. Apart from the boundaries. the
ovalization is seen to remain essentially uniform along the length for all values of curvature
shown. For this value or 0/1. no axial ripples were detected for either of the shells tested.

The moment-curvature and oV4llization-curvature responses predicted numerically are
seen to be in very good agreement with the experimental ones. The curvature at which the
limit load was predicted to occur is seen to be 'lpproximately 90% higher than the collapse
curvature.

The behavior of the shell with Ojl = 52.6 was very similar to that described above.
The curv4lture and the bending strain at collapse are listed in Table 2. The major results
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from the shells with /)/t values of 50 and 44 arc shown in Figs 12··15. The major features
of the responses arc essentially the same. As the /)/t tkcreases. the Saint-Venant bending
strain and the curvature at colhlpse increase. In addition. the dillcrenee between the cur­
v:tture corresponding to the predicted limit moment and that :tt coll:tpse decreases.

Axial ovalil.:ttion scans taken at dillcrent values ofcurvature arc shown in Figs 13 <lnd
15. The ovalil.ation is seen to rem<lin reason<lbly uniform throughout the bending history
for both shells. In both cases. pockets of short wavelength ripples were detected on the
compressed side of the shell just prior to catastrophic collapse. The location of one of the
pockets is identified in the ovaliz<ltion scans. A det<lilcd scan of the ripple poeketis shown.
in each case. in the inset. The average wavelength of the ripples measured. 1./JDr. is given
in Table 2.
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Although the appear.wce of the ripples during the bending history was relatively short.
in some cases it was possible to monitor their development by condw:ting local axial scans
of the shell at small intervals of curvature. As the curvature increased the ripples grew in
amplitude but remained fixed at their original position along the length of the shell. During
the course of this study it was found that improperly designed load transfer mechanisms at
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Fig. 13. Ovalization along shell length at different curvalures (0' = 50: inset shows detail of short
wavelength ripplel.
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the ooundaries can result in premature buckling of the shell with the buckle developing at
the ends.

Figures 16 and 17 show the results from a shell with Dlt = 35.7. For this case, imd for
all olher shells tested with lower Dlt values, the axial scans or ovalization at different v<llues
of curvature producl.xl evidence that, beyond a certain value of curvature, the ovalization
started growing in a non-uniform fashion along the length. For example, in Fig. 17, it can
oe seen Ihat the ovalization remaincd uniform up to a valuc of KIK 1 = 0.81. The beginning
ofsollle non-uniform growth is seen to occur at KIll: 1 ::: 0.93. At the last valuc of curvature
at which an axial scan was laken, KIK I = 0.99 (i.e. just prior to collapse), the ovalization is
seen 10 grow significantly more in a region approxim:ttcly eight diameters long. The
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Fig. 15. Ovalization along shelllcngth at different curvatures (D! I = 44; inset shows detail of short
wa"e1cngth ripples).
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maximum ovalization recorded is approximately twice the average value over the remainder
of the shell. At a curvature of "b/"1= 0.96. a pocket of short wavelength ripples became
visible in the trough of the overly ovalized region. A detailed axial scan of this region is
shown in the inset in Fig. 17. Further bending resulted in catastrophic buckling. The buckle
was triggered by the ripples and had the form of one sharp. local kink. similar to the one
shown in Fig. 2.t.
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Fig. 17. OVOIlization along shell length at different curvatures (011 = 35.7; inset shows detail of
short wavelength ripples).
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The moment curvature and ovalization curvature responses recorded for this shell
arc shown in Fig. 16 (dillcrent test specimen from that in Fig. 17). The moment-curvature
response developed a limit moment at a curvaturc of "'1,'''', = 0.99. The shell collapsed
catastrophically at "'eI'" I = J.(N. Due to the evidence of some localized deformation, two
ovalization transducers, placet! 7.2 shell diameters apart, were used in this experiment.
Their axial positions, relative to the position of the final buckle. arc shown in the inset in
Fig. 16b. The ml.:asurl.:d ovalizations at the two points arc seen to maintain the same v.due
up to a curvaturl.: ofapproximately "'I'" I = 0.9. At highl.:r valul.:s ofcurvature, the ovalization
is seen to grow faster at point B than at point A. The proximity of point B to the position
of the buckle. ant! the n:sults from the experiment in Fig. 17. explain this behavior.

We observe that the limit load predictet! by assuming the shell to remain uniform along
its length is significantly higher than the actual limit load n:cordet! in the experiment. We
thus conclude that the causes of the two instabilities arc probably dillcrent. We point out
once more, that the cause of f~lilure was again short wavelength buekling. Quite clearly,
some interaction between the observed localization in ovalization and the short wavelength
buckling mode docs take place. It would be of interest to understand this interaction and
its ellcct on the linal curvature at eollapse.

Figure 18 shows the structural response from a shell with D(t = 32.2. The main
characteristics of the results arc similar to those of the shell with Dj t = 35.7. Beeause of
the thicker wall. the dillcrl.:nce between the measured and calculated curvatures at the
corresponding limit moments is smaller. Short wavelength ripples were again observed prior
to the limit load. Figure 19 shows four local axial scans of the diameter of the shell in the
plane of bending t.lken in the curvature range of "'('" I = 0.93" and ,,"/11: I = 0.991. The results
illustrate the growth ofa pocket of two ripples. The amplitude of the ripples is seen to grow
as the curvature was increased; hut their axial position remained fixed.

In the neighborhood of the limit load the shell again developed some localized ovaliz­
ation (see Fig. l!'ib). The cause of the observed localization will be explored in the following
paper. At this stage. it sutJiccs to say that, for shells with intermediate values of Dlt (i.e.
approximately 26 < Dlt < 40). long wavelength imperfections tend to be amplified. to some
dt:grce. as the collapst: curvaturt: is approached. The result is localized growth ofovalization,
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as shown in Figs 3 and 17. Similarly. areas with some stress concentrution. such as might
be caused by overly constraining boundary conditions. can also cause some non-uniform
growth of ovaliz.ttion.

A set of results obtained from a shell with Djt = 25.3 is shown in Figs 20 and 21. The
measured moment curvature response is shown in Fig. 20a. Following yielding. the moment
is seen to follow a protracted plateau (very similar to stress-strain response) where bending
occurs at a mildly increasing moment. At a curvature of h:ljh:, == 0.95. the moment reacht:s
ils maximum v.tlue. The corresponding Saint-Venant bending struin is 2.03°1.•. Following
the maximum. the moment is seen to drop signiticantly with curvature. The shell buckled
at a curvature of h:.jh:, == 1.05.

The ovalizations measured at two points along the shell arc shown in Fig. 20b. The
two measurements remained essentially the same up to a curvature of approximatdy
h:/1o: 1 == 0.6. At higher values ofcurvature. trunsducer A. which was later found to be locatt:d

1.2

1.2 1.4 1.6
----,lIC't

1.0

1.0

-- Experiment

- - - UnIform Tube PredictiOn

.8
(0)

6

.6

~---=.,;::-,-~-

42

.2

Buckle

120~l-

o

o

02

M 12

J1" AI-6061-T6

t 10
~'253

8

6

4

2

'!E.06
t 04

8
(b)

Fig. 20. Bending response of aluminum shell with Dil = 25.3: (a) Moment-eurvature. (b) Oval·
ization-eurvature.



1136

AD .08

f04
o

S. K\RJAKIDES amI G. T. JL:

D
1'253

- - - __ ._/1</1<,
___ __ .12'
_____ .71

- - - -_.,.
_____ .0

_____ .JI

Fig. 21. Ovalization along shell length at different curvatures (Oil = 25.3).

close to the position of the final buckle. started to record progressively higher values of
ovalization than transducer B. Beyond the limit moment. the ovalizations recorded by the
two transducers diverged significantly. At point B. the ovalization eventually started to
decrease, indicating local unloading of the shell. whereas at point A. the ovalization started
to show signs of unstable growth. The trough of the final buckle was 1.2 diamcters from
point A. The buckle was characterized by less abrupt gradients than those of the buckles
in thinner shells. In addition, the onset of buckling was more gradual and the drop in the
post-buckling mOlllent bearing capacity relatively smaller. However, the buckled shell can
still be considered to be structurally destroyed. In this case no short wavelength ripples
were detected anywhere on the shell. This was also the case for all shells tested with
D/t < 25.:1.

The moment· curvature and ovalizationcurvature responses, calculated by the uni­
form tubc analysis, .Ire included in the ligures. The predicted limit moment is 12% higher
than the measured value, and the ovalization -curvature response is generally in good
agreement with the value measured at point B up to the limit moment.

Ovalization scans along the length ofa second shell, taken at various values ofcurvature
during the bending history. are shown in Fig. 21. In spite of the obvious presence of some
initial geometric imperfections along the shell. the ovalization is seen to remain uniform
along the length up to a curvature of approximately t.:/t.: I = 0.67. At t.:/t.: I = 0.73, a section
in the middle of the shell. initially approxim'ltely five diameters long, started to experience
greater ovalization than the rest of the shell. At higher values of curvature, the length of
this section grew until. at a curvature of 0.89, it reached a length of <tpproximately 10
diameters. At this curvature, the value of the maximum ov.diz<ttion was approximately 2.7
times higher than that in the section of shell which remained uniform. The axial position
at which the shellioealized varied from one speeimen to another depending on the position
of the most 1~lvorable imperfections.

In the case of test specimens which undergo significant localized deformation beyond
the limit moment. the global deformation variable, t.:, is imlppropriate. The rotations of
each end of the shell and the axi<tl position of the area of localization can be used to analyze
the post limit load response. However, this would complicate the presentation of the results.
Thus for convenience. we continue to usc t.: as the measure of deformation beyond the limit
load. The reader is cautioned that this curvature is erroneous to some degree. For the same
reason. the curvature at collapse. presented in Table 2. for test specimens 7-11. should only
be used for qualitative comparisons.

Results from a shell with D/t of 19.5 arc shown in Figs 22 and 23. In this case, the
limit moment occurred at t.:L!t.:1 = 0.96, which corresponds to a bending strain of 2.79%.
It is interesting to observe that the curvature at the limit moment calculated by the uniform
tube analysis is only 5% higher than this value. The ovalization measurcmcnts, presented
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in Fig. 22. show the values measured at points A and 8 to remain very close up to the
attainment of the limit moment. heyond which they diverge signilicantly. As a result of the
dropping moment. point A. which was 6.5 diameters away from the trough oflQCalization.
experienced a signilicant decrease in the rate of growth of ovalization and. eventuully. the
ovalization started decreasing (a point further away from the buckle would experience
reduction in AD earlier).

Figure 23 shows the axial ovalization scans taken at different values of curvature. The
shell is observed to rcmuin uniform up to a curvature of approximately 1\./1\.1 =0.75. At
higher curvatures. a section approximately eight diameters long. located in the middle of
the shell. starts to ovalize at a faster rate. The rate of growth in this region increases
significantly for curvatures higher than 1\./1\.1 = 0.94. The length of the localized region. at
the last curvature at which a scan was taken. was approximately 10 diameters. After
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significant ddormation in the post limit load regime, the shell collapsed. The post-collapse
moment bearing capacity was approximately 50% of the limit moment. The collapsed
section is shown in Fig. 2b.

DISCUSSIOl" OF THE RESULTS

The experimental results presented demonstrate that the problem is rich in phenomena
which are dependent on the Dit of the shell. The problem has an inherent limit load
instability which governed the response of some of the shells tested. In addition. short
wavelength buckling modes were identified for some shells. In some cases, localization with
characteristic lengths of the order of eight to 10 shell diameters was found to interact with
short wavelength buckling modes.

In orLkr to highlight the instabilities governing the behavior observed and identify the
goals of the analysis, we divide the shells into the following broad categories:

(I) D I > 40t
In this category of relatively thinner shells, the prevalent mode of instability was short

wavelength rippling. The curvature (or bending strain) at which the ripples appeared was
signifkantly smaller than that corresponding to the limit load resulting from uniform
ovalization. As a result. the two instabilities did not show .1111' signs of interaction. The
shells wen: f(lund to ovalize quite uniformly up to collapse.

The short wavelength ripples appeared in small pockets randomly distributed along
the length. They appeared at an increasing moment shortly before the shell collapsed.
The amplitude of the ripples grew in a non-uniform fashion (localized). The shells failed
catastrophically when a second instability, triggered in one of the ripple pockets, occurred.
This happened at a slightly higher value of curvature than 1\1>' The collapse mode was
characterized by diamond shapes. common in clastic shell buckling. The post-buckling
strength of the shells was found to be insignificantly small to be of structural use.

We propose that the observed rippling lfl/CilitCitil'dy corresponds to the axisymmetric
buckling mode common in plastic buckling of axially loaded cylindrical shells [sec Lee
(1962) ; Halterman (I %5) ; Halterman and Lee (1966)/. For thinner shells, this is followed
by a non-axisymmetric buckling mode which leads to catastrophic collapse [see Gellin
(1979) ; Tvergaard (19X3)). The second mode has a characteristic axial wavelength which
is twice that of the axisymmetric mode. Qualitatively again, this second buckling mode is
similar to the one by which the shells failed catastrophic.llly in the bending experiments.

(2) 26 < Dil < 40t
In this category of moderately thick shells. the prevalent mode of instability was. again.

short wavelength rippling. Unlike the previous category of shells, a well defined limit
moment was recorded in the moment-curvature response of these shells. In addition. some
non-uniform growth of ovalization was observed just prior to failure for all test specimens
in this category. The localized deformation was typically 1\-10 diameters long. In a few
cases. more than one area of localized deformation was observed to grow simultaneously
(probably triggered by initial imperfections). Pockets of short wavelength ripples were
usually observed in the trough of the localized region. Following the limit load. the shell
buckled catastrophically by the appearance of one sharp, local kink initi'lted from the
ripples.

Two possible explanations can be given for this behavior. The first is based on the
observation that the curvature at rippling was progressively closer to the limit load induced
by uniform ovalization. Limit loads of this type. which we will call natural. .Ire generally
not very imperfection sensitive. However. as will be shown in the second part of this
work. some amplification of long wavelength imperfections is possible as the limit load is
approached. Thus. conceivably. the growth of long wavelength imperfections observed in
the experiments was due to this. The localized ovalization in turn triggered the short

+:\pproximat.: valli':'.
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wavelength ripples. which made the shell axially more compliant. and caused the limit load
to develop earlier.

A somewhat different sequence of events also seems possible at this juncture. It can be
argued that the instability which triggers the observed behavior is still rippling. For this
range of D/t values. the rippled shells remain stable longer (i.e. the difference between "b
and "c is larger) than thinner ones. The ripples grow. make the shell axially more compliant.
and cause a reduction of the overall bending rigidity. This results in the development of the
limit load. The presence of the limit load is then responsible for the non-uniform deformation
of the shell. Some support for this argument also comes from Calladine (1983). Although
he did not address localization of ovalization. he did in essence propose that the ripples
cause a reduction in the stiffness of the shell and the development of a limit moment.

These questions will be further addressed in the second part of this study with the help
of numerical results.

(3) Dit < 26t
The response of this category of relatively thick shells to bending. is governed by the

natural limit load instability caused by uniform ovalization. Close to the limit load. long
wavelength imperfections tend to be amplified. The ovalization starts to grow non-uniformly
along the length and 10c.t1izes significantly following the limit load. The shell eventually
fails in the region of localization. A preliminary conclusion is that the localization is a direct
conse4uence of the limit load instability and atlccts the behavi()r of the shell primarily after
the limit load. Thus. the limit load calculated by assuming the shell to ovalize uniformly is
very representative of the adual value.

The bounding 0it values of the three categories of shell behavior arc only approximate
and. very definitely. vary with the shell material properties.

m:sl( iN CONSIDERATIONS

The discussion above clearly demonstrates the complexity of plastic buckling and
various mechanisms of collapse of shell structures. Simulation and prediction of the insta­
bilities discussed is of great fundamental interest. and if successfully c<lrricd out should
improve the general understanding of the problem area. However. the predictions will
obviously be complic<lted by the three-dimension<ll n<lture of the mech<lnic<ll phenomena
involved.

It is possible th<lt <I simpler appro<lch may ade4uately serve the needs of structuml
design. The twom<lin instabilities observed experiment<llly <Ire the short w<lvelength rippling
and the limit moment resulting from uniform ovaliz<ltion. Thus. as a first step. the uniform
tube analysis of Shaw and Kyriakides (1985) was used to c<llculate the limit moment. the
corresponding curvature and Saint-Venant bending strain for shells with Olts ranging from
15 to 100. The average values of the key material parameters of the shells tested. and listed
below. were used in these caleul<ltions:

£ = IO~ ksi (68.95 GPa). rT) = 42.6 ksi (293.7 MPa). 1/ = 29 and \' = 0.32.

Following Reddy (1979). the c<llculated maximum Saint-Venant bending strain
corresponding to the limit moment is ploued against Dlt (log-log scales) in Fig. 24. The
critical strains measured in the II experiments (i.e. either I:L or Dh) arc also included in
the same figure. (Note that due to the ovalization of the cross-section the actual critical
axial bending strain in the shells is 2-3% lower than the maximum Saint-Venant bending
strain.)

An independent bifurcation check analysis developed by Ju and Kyriakides (1991) was
incorporated in the uniform tube bending analysis mentioned above. This was used to
identify the onset of ripple-like bifurcations during the bending history. The buckling mode
used is as follows:

t Approllimale value.
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where {Ii. f .•i·} are displacements in the axial. circumferential and radial directions.
measured from a circular toroidal reference shell with the following princip'll curvatures:

"COSO d
'" = anI +"RcosO

(6)

h:. in eqn (6) is the curvature of the bent tube at the time of the bifurcation test. The
formulation used is based on Sanders' (1963) non-linear shell kinematics. As is customary.
the J 2 deformation theory of plasticity. with the state of stress calculated in the tube analysis.
was used in the bifurcation check together with Hill's concept of comparison solid [see Hill
( 1958)].

The critical bifurcation strains. calculated for the same group of shells mentioned
above. are included in Fig. 24. For this material. the calculated bifurcation strain is lower
than the strain corresponding to the limit load for shells with D/t > 22. For shells with lower
D/t values. the calculated limit load precedes the bifurcation instability. The correlation of
the predictions with the experimental results is exceptionally good. A smal1 difference in
the value of the transitional D/t exists. in that no ripples were observed in the experiments
for shells with D/t < 25.7. This difference is partly due to variations in material properties
from shell to shell. As in other plastic bifurcation problems [see Hutchinson (1974)]. the
corresponding bifurcation strains calculated by using the J 2 flow theory are unreasonably
high for thinner shel1s and do not exist for thicker shells in the range of D/ts studied.

The same degree of agreement between experimental and predicted critical strains has
been obtained for steel shells. However. the transitional D/t was. in general. higher than in
the aluminum shells. Similar success of this simplified approach was also demonstrated for
the problem of bending under external pressure in Corona and Kyriakides (1988) and Ju
and Kyriakides (1991). It can thus be concluded that. in spite of the simplicity of the
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approaches followed. the limit load and ripple bifurcation predictions constitute very useful
tools for establishing the limit to which long shells can be safely bent.

Another simplification. often made in the literature. is to use the critical strain at which
axially-loaded circular cylindrical shells first buckle into an axisymmetric mode as the
critical design strain ofshells in bending [e.g. Seide and Weingarden (1961) for elastic shells;
Reddy (1979). Yun and Kyriakides (1990) for elastic-plastic shells]. The critical axial stress
of this problem is given by

(7)

The corresponding critical axial half wavelength is given by

(8)

where c,,, are the instantaneous moduli of the material at bifurcation (in our case. calculated
by J~ deformation theory). The critical strain can be evaluated from (7) and (3).

The critical strains predicted. using this approach. are also shown in Fig. 24. As might
be expected. in the range of D/t values considered. these predictions represent a lower
bound to the experimental results. For lower D/ts the predictions arc low by a factor of
two. At higher D/t values. they approach the bifurcation predictions obtained from the
tuoe analysis mentioned above. In view of this. for aluminum 6061-T6 shells with D,!t < XO
(approximately) the analysis whkh includes the effect of ov.lIization should be preferred
over eqns (7) and (X).

In a number of recent publications. investigators have explored design schemes for
assessing the post-buckling strength of tubu1<tr structures. We stress that pure oending
experiments on both steel and aluminum tubes have clearly shown that. following local
buckling. the moment .lI1d deformation capacity of shells is structurally insignificant. Per­
sistent rotation of the ends of the shell results in a continued drop in moment and eventually
leads to fracture and total failure. This is due to the very localized nature of the deformations
imposed on the shell by buckling. Although the post-buckling strength of tubular com­
ponents which arc more constrained by the remainder of the structure should be somewhat
better. the essence of the statements above is unaltered. Thus the post-buckling regime
should be tackled with great caution.

Ai'knllldedqtW'i'nt-The work presented was conducted with financial support fwm the U.S. Qllice of Naval
Research under contract NOOOI4-Kll-K-0610.
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